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ABSTRACT A parametric study of the Davydov model of energy transduction in a-helical proteins is described.
Previous investigations have shown that the Davydov model predicts that nonlinear interactions between phonons and
amide-I excitations can stabilize the latter and produce a long-lived combined excitation (the so-called Davydov
soliton), which propagates along the helix. The dynamics of this solitary wave are approximately those of solitons
described using the nonlinear Schrédinger equation. The present study extends these previous investigations by
analyzing the effect of helix length and nonlinear coupling efficiency on the phonon spectrum in short and medium
length a-helical segments. The phonon energy accompanying amide-I excitation shows periodic variation in time with
fluctuations that follow three different time scales. The phonon spectrum is highly dependent upon chain length but a
majority of the energy remains localized in normal mode vibrations even in the long chain a-helices. Variation of the
phonon—exciton coupling coefficient changes the amplitudes but not the frequencies of the phonon spectrum. The
computed spectra contain frequencies ranging from 200 GHz to 6 THz, and as the chain length is increased, the long
period oscillations increase in amplitude. The most important prediction of this study, however, is that the dynamics
predicted by the numerical calculations have more in common with dynamics described by using the Frohlich polaron
model than by using the Davydov soliton. Accordingly, the relevance of the Davydov soliton model was applied to energy
transduction in a-helical proteins is questionable. We conclude that the Raman lines that have been assigned to solitons
in E. coli are either associated with low frequency normal modes or are instrumental- or fluorescence-induced

artifacts.

INTRODUCTION

A central issue in bioenergetics is how energy arising from
chemical transformations is transferred across distances
greater than 30 A with high efficiency (Adey and Law-
rence, 1984; Frohlich, 1983; Davydov, 1982; Scott, 1981;
Green, 1974). The amide-I (carbonyl stretching) vibration
has been proposed as a possible vehicle for energy propaga-
tion in a-helical proteins (Green, 1974; Scott, 1981; Davy-
dov, 1982; Frohlich, 1983). Theoretical models based on
this vehicle take two general forms: linear and nonlinear.
Linear models of amide-I excitation predict decay to
“thermal” vibrations within a few picoseconds. Both the
timescale and the inefficiencies associated with thermal-
ization of the excitation energy preclude use of the linear
model to rationalize long distance energy transduction.
These problems with the linear model prompted Davydov
to propose a nonlinear model of energy transduction
(Davydov, 1973, 1982). The “Davydov model,” which is
occasionally referred to as the “soliton model” because of
its relationship to the nonlinear Schrédinger equation, has
prompted considerable experimental (Webb, 1980, 1981;
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Del Giudice et al., 1982; Adey and Lawrence, 1984) and
theoretical (Scott, 1982a,b; Drissler and Santo, 1983;
Adey and Lawrence, 1984) interest. It would be a signifi-
cant finding, indeed, to isolate a quantum-mechanical
system whose dynamics were related to one of the soliton
equations. An important consideration that had not
attracted sufficient attention until recently (Lomdahl and
Kerr, 1985; Lawrence et al., 1986) is the viability of the
Davydov model under biologically relevant conditions. The
present parametric study of this model for short and
medium length a-helical protein is designed to test the
viability of the Davydov model under boundary conditions
designed to simulate inhomogeneities characteristic of
biologically relevant environments.

THEORETICAL

Davydov’s original model (Davydov, 1973; 1982)
involves a chain of N molecules. The model is based on the
assumption that transport of amide-1 bond energy along a
protein a-helix is, to a good approximation, the same as
transport in a molecular crystal. Effects due to the interac-
tions between hydrogen bonds, which stabilize the helix
and covalent bonds, other than the amide-I, which consti-
tute the protein backbone, are neglected. The Hamiltonian
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of the chain is written as the sum of exciton, phonon, and
exciton—phonon interaction terms. We will review briefly
the principal features of the single chain model.

The contribution due to nonperturbed excitons to the
Hamilton of the chain may be written as a sum of the
Hamiltonian for a system of noninteracting molecules and
an interaction due to the Coloumb potential (Knox,
1963):

Wex=ZHn+%;Vnm* (l)
where V,, is the interaction between the nth and mth
molecules of the chain. We assume that the molecules are
constrained to two vibronic levels: a ground state, |0), and
an excited state, | f). Furthermore, if ¢, represents the
excited state wavefunction and ¢? the ground state, then
the wavefunction & of the chain may be written as a linear
combination of the functions

P = ¢ B2 ... b, (2)
where i, is either O or 1. This representation gives rise to the
usual definitions of occupation number, number operator,
and annihilation and creation operators in the second
quantization. In particular, the nth occupation number N,
of ' is 1 if i, = 1, and O otherwise. Furthermore,

Nyd' =N, (3a)
byt ¥ =(1 =N ®', I'=(iy,.... 0+ 1,...,1y) (3b)
Jin). (3¢)

Note that b,* = b, in a two-level model. These operators
satisfy the Pauli commutation relations:

by® =N, ®", I"=(,...

A

byby™ = by by = 1 (42)
bnfbmf = bmf b,, , ¥ m (4b)

b,,f+ bmf = bmfbnf+’ n¥*m. (4C)

The Hamiltonian (Eq. 1) may be written in the occupation
number representation as follows:

ﬂex =2 f/bn/+ bu/ = (l/z) z bnf* bmg’+ bmgbnf ( f'g'EVnmlgf) (5)

where ¢ is the energy of excitation of an isolated molecule
and the second summation is over m and n representing
different sites, or fand g representing different states if the
sites m and n are the same.

If we write

Bn = bd)+ bn 3 Bn/+ = bnf+ bma

then the operator B, changes the excited state to the
ground state and the operator B,* changes the ground state
to the excited state at site n. If we neglect all but the
nearest neighbor interactions and further restrict the terms
arising from Eq. 1 to those given by the Heitler—London
approximation, the Hamiltonian (Eq. 5) may be written as
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follows:
Hea—-0) BB, —JY (B,.\.'B, + B,*B,.)). (6)

In this formula A is the molecular excitation energy, and J
is the energy of resonant interaction of neighboring mole-
cules. Note that annihilation operators of the exciton
model, as presented, satisfy Bose statistics (Knox, 1963).
Further details relating to the derivation of Egs. 5 and 6
may be found in Davydov (1971).

We turn now to the phonon terms. The treatment
follows the standard model of a linear chain of harmonic
oscillators (Knox, 1963; Haken, 1976). The phonon Ham-
iltonian has the form:

1
o =3 M3 pl+ /2% (4 — ), ™

where p, is the momentum conjugate to the displacement
u,, w is the elastic coupling constant of the chain, and M is
the molecular mass. The dispersion relation for phonons in
an infinite chain is given by:

Q, = 2(V./Ro)| sin (4Ro/2)], &)

where g is the wave vector, V, is the velocity of sound, and
Q, is the angular frequency. In the second quantization, p,
and u, are replaced by operators P, and U,. The mo-
mentum and displacement operators satisfy the canonical
communication relation:

[Urm Pn] = "hénm' (9)

The final contribution to the Hamiltonian in the Davydov
model is the interaction term. The interaction of excitons
with phonons is given by:

Him = xZ B, B(U,,, - U,), (10)

where x is the exciton—phonon coupling parameter. This
term can be considered as a change in amide-I bond energy
due to stretching or compression of the helix. The total
Hamiltonian for the chain is written as:

7‘[sol = 7{ex + th + ﬂim . (] l)

A particular solution for the time-dependent Schriédinger
equation associated with ¢, is given by the following
wavefunction:

[¥.(£)) = > [C.(2) expa(2) B,*|0)], (12)

where C,(r) is the probability amplitude of an exciton
occupying site n at time ¢, and the term exp o(¢) arises from
a coherent state representation of the phonons (Louisell,
1973). This wavefunction is termed the “Davydov ansatz”
(Venzl and Fischer, 1985). In particular, the operator o(¢)
is defined as follows:

o(t) = i/h 2_ [B,(1)P; — w(1)T;]. (13)
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Eq. 12 gives the wavefunction y; as a product of phonon  determined. Both 3, and =, may be interpreted in terms of
and exciton wavefunctions. Conservation of number the coherent state representation (see Haken, 1976).

implies the normalization condition:

Explicit expressions for the functions 8,(¢), x,(t), and
C,(t) can be derived via the time-dependent Schriodinger

slc,)? =1. (14)  equations. A specific derivation may be found in Lomdahl
and Kerr (1985).
Note that C,(z), B8.(t), and =,(¢) are functions to be The equations for a single chain may be generalized to

FIGURE 1 The total phonon energy of a 27-
residue a-helix plotted as a function of time (1
unit = 0.4 ps) for coupling coefficients of 0.2 x
10-'° Newtons (a), 0.4 x 10~'"° Newtons (b), and
0.6 x 107"° Newtons (c). Bursts of ~6 THz oscilla-
tions are observed at time intervals of ~4.8 ps
(examples are indicated with arrows). A long-
period fluctuation is clearly evident in the phonon
spectrum in b.
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the case of three interacting chains required to describe a
protein a-helix. In this model, resonance interactions may
occur along the protein helix. Adding these interactions to
the model yields a system of coupled equations in which the
dynamic variables are indexed by spine number as well as
position along each hydrogen-bonded spine. Details may be
found in Scott (1982a,b).

Our calculations are based on a coupled system of
ordinary differential equations, obtained as outlined in the
previous section. Except for choice of boundary conditions,
our procedures are formally equivalent to those of Hyman
et al. (1981). The salient difference is that the ends of the
helix are not spatially constrained. The complete model is
given by the following system of equations in which i
represents the spine number, and n the position along the
spine. We are representing exciton amplitudes by C,,;, the
phonon coherent state amplitudes by §,,;.

"’% = (141G X [(dByi/dE) + (Busrs — Brd)?]

~0.058(C,_1i + Cuy)

+0.092(Cpiyy + Crisi)

+0.372(10"%) [(1 — 83) (Bueri — Bui) Cus
+ (1 = 8)(Bi — Ba-1) G

+ (1 = 00 Carri Basri = Bad)

+ (1 = 8%)Cosri(Bri — Bt )] (15a)
dﬁn,i _ __an _ . )
(dtr)z - (l 5N)( Bn+l.l + 6;:..)

+ (1 = 88)(Bni — Bu-r) + 0.132(10")
x (1 = (1 = ) [|Cpr® = [Cazr i
+ 63['Cu.i|2 + |Cn—l.i|2]

=BGl + G

+ Gl Corri — Caor)

+ (Gl - C:—I,i)Cn.i}’ (15b)
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FIGURE 2 Fourier transforms of the total 0083

phonon energy for a-helices of 27 residues
(a and b). The calculations were carried out
using coupling coefficients of 0.2 x 107"
Newtons (@) and 0.6 x 107'° Newtons (b).
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a

where 5 = O unless i = j and N = 2. Use of & in these
formulas gives the boundary conditions, which arise from
the free boundary assumptions, and modification of the
Hamiltonian H,, to account for end conditions. The
numerical coefficients are as in Hyman et al. (1981) and
may be derived from known parameters for protein mole-
cules. The exciton—phonon coupling coefficient remains
the only adjustable parameter in this model.

RESULTS

Unless stated otherwise, calculations were started with a
single excitation in the first bond (C,,(0) = 1) and no
phonon states populated (8,,(0) = 0 for all n, i). The total
phonon energies as a function of time for a chain length of
27 residues are displayed in Fig. 1. Over thirty plots of
phonon energy versus time for various cases were exam-
ined. In every case the initial transients in phonon energy
levels were very short compared with total time intervals.
Analysis of phonon—exciton coupling is enhanced by exam-
ining the modulus of the Fourier transform of the total
phonon energy, which yields the power spectrum as a
function of frequency (Fig. 2). Power spectra as a function
of chain length and nonlinear coupling coefficiency are
shown in Figs. 3 and 4. Examination of Fig. 1 indicates that
several different oscillatory time scales are present, indica-
tive of different phonon—exciton energy exchange pro-
cesses.

Short period fluctuations (46 THz) appear in transient
bursts that recur at periodic intervals. These intervals are
separated by time spans that are roughly proportional to
the chain length (~3.2 ps for a chain length of 18, ~4.8 ps
for a chain length of 27 [Fig. 1]). Although the durations
of the bursts appear to be independent of chain length, the
proportion of energy fluctuations at lower frequencies
increase rapidly with chain length. Furthermore, only for
the 18-residue case were the 5.5-THz fluctuations
observed to constitute a significant portion of the fluctua-
tions spectrum. We suggest that these fluctuations repre-
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sent an accidental resonance between exciton and phonon
modes because a peak at precisely the fluctuation fre-
quency also appeared in the phonon spectra plots for 18
residues (Fig. 2).

Intermediate period fluctuations (500 GHz-1 THz) are
observed, which are proportional to the chain length. These
fluctuations occur on a shorter time period than the burst
repeat intervals (200-500 GHz), and decrease in power
amplitude as chain length increases.

Long period fluctuations (~100 GHz) are observed for
residue numbers larger than 23 and in several cases were
followed for many periods (not shown). The amplitude of
these fluctuations shows a pronounced dependence on both
chain length and nonlinear coupling efficiency with a
maximum amplitude appearing for a chain length of 27
residues and a coupling coefficient of 0.4 x 10~'° Newtons
(Fig. 1).

Although analysis of the above phonon—exciton interac-
tion provides insight into energy transduction processes
along the a-helix, phonon energy is not subject to direct
experimental observation. Accordingly, we also calculated
the momentum expectation value, 8(¢), for selected resi-
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dues along the chain. The modulus of the Fourier trans-
form of B(t) yields the phonon spectrum, as can be seen
from inspection of Eq. 9 and the relation B,(t) =
(Y:()|U,IY(1)). To analyze the collective modes, we
evaluated the sum of momenta for residues 1, 2, and 3 (the
three end residues) and the sum of momenta for residues
[n/2], [n/2] — 1, and [n/2] — 2. We also calculated the
modulus of the Fourier transform of each momentum plot.
Plots of amplitude versus frequency are shown in Figs. 3
and 4. Each of the latter plots consists of a series of discrete
maxima, with each peak corresponding to a normal mode
of the protein chain and following the sin (¢ Ry/,) form for
the dispersion relation given in Eq. 8. In particular, the 2-th
mode of a harmonic lattice with free ends is given by

w

2 . iz [k
Vn = Na,‘ sin |2 (A_{) sin (E)t cos [(2n — 1)k], (16a)
where

k

0=<f=<N-1, (16b)
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FIGURE 4 Phonon spectra ob-
tained by taking the Fourier trans-
forms of momenta for intramolecu-
lar dynamics within a-helices of 18
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and y, denotes the displacement of the nth mass, and NV is
the number of masses in the chain (Haken, 1976; Jackson,
1978). This gives frequencies of

w72 | [#Q
ﬁ SIHEN
A 7V 7 for2=0,...,N-1.

™

The values used in our computations give, as in Hyman et
al., a fundamental frequency

w\172
(A_'I) /7 =8.1 x 10" Hz.

This may be observed as a band edge on our phonon
spectra.
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DISCUSSION

Interpretation of the results reported above is best accom-
plished by evaluating simplified versions of Egs. 15a and
15b, which are generated by neglecting all coupling terms
of negligible to small relative magnitude:

idC,; - 0-372(1010)() [(Brsri — Ba) Chi
4 Bui = Bar)Cror]
— 0.058(Cpy1i + Cost)

+ 0.092(Cyisy + Crizy)- (17a)
)
dt";' = ZB,,‘,. - ﬁuu - Bn—l.i
+0.132(10"%) [|Cor 1l + |Cacri1- - (170)
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In particular, Eq. 17a assumes that the energy of the
amide-I carbonyl bond is a function of only one external
influence, namely the strength of the hydrogen bond on the
carbonyl side of the peptide unit. Excitons are therefore
described by a system of linear autonomous equations:

idC

T KC, (18)
where K is a linear operator and C is a state vector
describing exciton distribution along the chain. If we
assume the phonons are fixed this equation has a solution
of the form A = exp (iKt)A,. Similarly, phonon displace-
ment is described by the approximation:

idB
—=LB + F, 19
dr + (19

TIME (TRACES AT 4 X 10-13 SECOND INTERVALS

PROBABILITY

where B, is given by (8,,, 8,.:), L is a linear operator, and F
is the nonlinear term defined by solution of the above
exciton equation. A closed form solution of Eq. 19 may be
made on assuming a fixed exciton distribution:

B = [ exp liL(t = DIF(AS 7 + exp (L)B. (20)

By iterating the solution process at small time steps we
may obtain a self-consistent evaluation of the above equa-
tions. Examinations of Eq. 19 for x in the range 0.2 x
107'°-0.6 x 107'° neutrons indicates that the average
lifetime of an exciton at a single peptide unit is ~1.6 ps (see
Fig. 5). The lifetime of a “localized” exciton is sufficiently
long to overlap with the manifold of phonon states, and the
occurrence of exciton—phonon resonances is therefore
responsible for the transient bursts that characterize the

L
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RESIDUE NUMBER C

|
100
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FIGURE 5 Probability of exciton occupation as a function of residue (horizontal axis) and time (each trace represents a time increment of 0.4
ps with time increasing in going from the bottom to the top of the figure). The calculations were carried out for a nonlinear coefficient of 0.5 x
10-'° Newtons for different initial quanta of excitation of the amide-I carbonyl vibration: one quanta (a), two quanta (b), and three quanta
(c). Note that three modes of propagation are seen to emerge for the three-quanta case and may correspond to a superposition of states. The
progression of figures illustrate the progressive increase of the probability for soliton formation from <0.1 for one quantum to ~0.7 for three
quanta. These estimates may be obtained by a restating of the normalization condition given in Eq. 14 to be 2,,|C,,(t)’| = N, where NV is the

number of excitons.
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short fluctuations observed in the phonon energy spectrum.
Because exciton—phonon coupling is strongest when the
probability of an exciton occupying an end-group is high-
est, periods between bursts correspond to the periods
between occupation of the end residues by excitons. The
origin and reappearance rate of the transient bursts is
therefore a consequence of a time dependence of the
exciton—phonon coupling. Note that Eq. 17 may also be
easily extended to give a phenomenological treatment of
the thermalized case by adding a random force to the F
term (Kubo, 1957). A more complete treatment of the
long-chain case under thermal conditions may be found in
Lawrence et al. (1986). This treatment may be generalized
to a Fokker—Planck equation for the phonon displacements
by adding a noise term to Eq. 17b and applying the
techniques described by Risken (1985).

Evaluation of the simplified equations suggests that the
medium period oscillations are due to resonances between
phonons and the periodicity of the excitons. This analysis is
based largely on the observation that the amplitude and
frequency of these fluctuations are linearly related to chain
length.

Finally, the long frequency fluctuations of the phonon
energy represent the precursors to the solitons that are
theoretically predicted to exist in very long chain (>200
amino acid residues), homogeneous a-helices. It is impor-
tant to note, however, that these oscillations are much
closer in formal description to a normal mode of the a-helix
than to a stationary wave (or soliton). The low cross-
section for a soliton to form from a single excitation casts
doubt on the validity of the continuum approximation,
which was originally used to predict a solitonic solution of
the dynamical equations (Davydov, 1973).! Fig. S indicates
a superposition of states between the dispersive mode and
the nondispersive, solitonic mode of exciton propagation.
For the one-quantum case the probability of soliton forma-
tion is <0.1. As indicated by the first part of this figure and
previously argued by Scott that direct radiative transfer is
forbidden on the basis of Franck—Condon factors (Scott,
1984), at least two excitons must be placed in adjacent sites
before there is a significant probability a soliton will form.
A proper formulation for a two-exciton state would include
at least fourth-order terms in the exciton Hamiltonian such
as Z1,maPm* Py P,P,, where I gives the interaction

'Proper quantum-mechanical treatment of an integrable nonlinear field
equation requires an infinite system of eigenstates, as given by the Bethe
ansatz (Thacker, H.B., 1981, Rev. Mod. Phys., 53:253) or requires
carrying a nonlinear potential in a lattice approximation (Gallavotti, G.,
1985, Rev. Mod. Phys., 57:471). A naive application of the continuum
approximation to the dynamical equations of a molecular system ignores
the problem of consistency with the spatial derivatives in the underlying
Hamiltonian operator. Furthermore, the emergence of quantum-mechan-
ical effects such superposition of states in calculations based on the
Davydov model shows that some care must be exercised in relating
dynamically stable propagation of excitons to the classical solutions of the
nonlinear Schrodinger equation.
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strength (Satari€ et al., 1981). The dynamical equations
arising from this extended Hamiltonian do not have the
same continuum approximation as the Davydov Hamilton-
ian. Therefore, it is necessary to show that higher order
effects in the exciton system and the exciton—phonon
coupling are negligible. In the absence of further numerical
analysis, our calculations suggest that the unique physical
characteristics that permit soliton formation are a long
homogeneous (a-helical) chain and a rather delicate rela-
tion between nonlinearities due to phonon—exciton and
nonlinearities due to exciton—exciton interactions. This is
borne out by the parametric studies of Lawrence et al.
(1986), which show that for physiological temperatures,
thermal vibrations inhibit soliton formation for a wide
range of values of the coupling parameter. Accordingly,
the formation of Davydov solitons in vivo is unlikely due to
the above constraints, which cannot be accommodated in
biological environments due to inhomogeneous intramole-
cular and intermolecular forces. The Raman lines (Webb
and Dodds, 1968; Webb and Booth, 1969; Webb 1980,
1981) that have been assigned to the Davydov soliton in
proteins in living cells (Lomdahl et al., 1982) are more
likely to be normal modes, instrumental artifacts, or
vibronic bands associated with fluorescent impurities. The
latter was recently proposed as a viable possibility on the
basis of experimental studies by Layne et al. (1985). These
researchers observed transient fluorescence in synchro-
nously dividing E. coli.

Because normal-mode dynamics persist in the Davydov
model applied to polypeptide chains at low temperatures,
we believe that a further look at the fundamental model is
in order. The small polaron Hamilton (Mahan, 1981) has
been proposed (Lomdahl and Kerr, 1986; Brown et al.,
1986) as a basis for an appropriate generalization. In
particular, the H;, term of H, (Eq. 11) is replaced by

H;,, = Z Xn hw, (b," + b_,) B,*B,". 21
qm

Here, the sum is over all the normal modes of the molecule
and sites of amide-I excitation. Small polaron dynamics
are actually observed in numerical simulations as the
exciton—phonon coupling is increased (Lawrence et al.,
1986). An assessment of the gain in realism achieved by
including more vibrational modes in the Hamiltonian
awaits further experimental studies on the spectra of
hydrogen-bonded amide systems.

It should also be noted that there is some disagreement
in the literature concerning the correct form of the Davy-
dov ansatz. Brown et al. (1986) claim to have shown that
the wavefunction given by Eqgs. 12 and 13 cannot represent
a single polaron state. This latter state is the wavefunction
arising from Eqgs. 6 and 11 with J set equal to 0. Lomdahl
et al. claim that equations of motion based on the ansatz of
Eq. 12 may be derived by substitution of the wavefunction
into the Schrédinger equation. Although both may be
correct, because different Hamiltonians are used for the
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chain, the ansatz of Eq. 12 represents a linearization of the
coupling between excitons and phonons. The Hamiltonian
given by Eqgs. 6, 7, and 21 substituted into Eq. 11 yields

o(t) = i/h Z [Bu(D)bg* + B*nq(1)b,] (22)

in Eq. 12. A more complete theory of coherent phonon
states in molecular systems would have some interesting
consequences. The first consequence would be a rigorous
justification of semiclassical treatments of molecular
dynamics. This is because coherent phonon states are
states of minimal uncertainty, and thus constitute the
quantum states most amenable to classical approximation.
The second, more technical advantage of a coherent state
treatment is that such states can be represented as orbits of
a unitary group on states of a quantum dynamical system
(D’Ariano and Rosetti, 1985). In particular, this observa-
tion makes possible the application of Lie algebra theory to
the simulation of molecular dynamics. This application is
currently under investigation.
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